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[credit for course materials: Prof. Jan von Delft]


PEPS Introduction, contraction methods



1. Motivation & Definition of PEPS


Goal: generalize MPS ideas to 2 dimensions!


Most obvious idea: 2D-DMRG, using a ‘snake-MPS’:


[White1996] (2D Heisenberg, nn & nnn interactions)


[Stoudenmire2012] (brief review)


[He2016] (2D Kagome)


[Zheng2017] (recent high-end application: striped order in 2D Hubbard model]


2D-DMRG is one of the most powerful & accurate methods for studying 2D quantum 

lattice models. Main limitation: not enough entanglement. Entanglement entropy 


but according to area law, we need


Reason for insufficiency: entanglement between                  is encoded in a single bond.


Natural generalization: add more bonds between rows. This leads to PEPS ansatz 

[Verstraete2004]
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Introduce 5-leg tensor for every site:


Sum over all virtual bonds linking neighboring sites:


physical basis:


contraction pattern:


Variationally minimize                      .        # of variational parameters:
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Why the name ‘PEPS’? Verstraete & Cirac envisioned 

generalization of AKLT construction:


Associate 4 ‘auxiliary particles’ with each site:





Construct entangled pairs along bonds:


Define projectors on each site:


Then


General remarks:	 [Orus2014, Sec 5.2]


-PEPS are dense: any 2D state can be written as a PEPS, though possibly with 

exponentially large D
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-2D area law is satisfied:


-PEPS can handle polynomially-decaying correlations (in contrast to 1D MPS)


-Exact contraction is #P hard -> contraction time


[#P hard = counting class for number of solutions to NP-complete problems


NP-complete = problems whose solution can be verified in polynomial time]


Why are exact contractions hard? Recall 1D situation:


Cheap contraction pattern:	 	 	 	 	 Expensive contraction 

pattern:


# of open indices	 	 	 	 	 	 # of open indices


cost:	 	 	 	 	 	 	 	 cost:


Moreover, if canonical form is used,


then contraction costs are very small:
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�ZHUH�DYDLODEOH��

0RUHRYHU��LI�FDQRQLFDO�IRUP�LV�XVHG�� ZLWK�

WKHQ�FRQWUDFWLRQ�FRVWV�DUH�YHU\�VPDOO��

%XW�WKLV�KDV�QRW�EHHQ�H[SORUHG�V\VWHPDWLFDOO\�XQWLO�UHFHQWO\��

��� 3DJH�� ��
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In 2D, growth of # of open indices is unavoidable:


open indices:


-Contraction cost would be manageable if a ‘canonical form’ were available!


Only started to be explored recently.


-‘No exact canonical form exists’ [Orus2014, Sec 5.2] (but this claim might be 

outdated..)


-Restrictions to canonical forms are possible and possibly useful. [Zaletel2019, 

Hagshenas2019]


2. Example: RVB state


Resonating valence bond (RVB) states are of continued 

interest for constructing spin liquids. [Anderson1987], 

[Rokhsar1988] (high-Tc context)


Canonical example: spin-1/2 on square lattice


‘Dimer’ or ‘valence bond’:


[sign conventions for bonds are needed and important]


*HQHUDO�UHPDUNV� >2UXV������6HF�����@

([DFW�FRQWUDFWLRQ�LV��3�KDUG������������FRQWUDFWLRQ�WLPH�

�3�KDUG�FODVV�RI�SUREOHPV� ��FRXQW�QXPEHU�RI�VROXWLRQV�RI�13�FRPSOHWH�SUREOHPV
13�FRPSOHWH�FODVV� �SUREOHPV�WKDW�FDQQRW�EH�VROYHG�LQ�SRO\QRPLDO�WLPH


QRQ�GHWHUPLQLVLWF�SRO\QRPLDO


3(36�FDQ�KDQGOH�SRO\QRPLDOO\�GHFD\LQJ�FRUUHODWLRQV��LQ�FRQWUDVW�WR��'�036��

LQ�GLPHQVLRQ RXW�GLPHQVLRQ

,I�QR�WUXQFDWLRQV�DUH�SHUIRUPHG�

3(36�DUH�GHQVH��DQ\��'�VWDWH�FDQ�EH�ZULWWHQ�DV�D�3(36��WKRXJK�SRVVLEO\�ZLWK�H[SRQHQWLDOO\�ODUJH�'�

�'�DUHD�ODZ�LV�VDWLVILHG��


1R�H[DFW�FDQRQLFDO�IRUP�H[LVWV
��>2UXV������6HF�����@��EXW�WKLV�FODLP�PLJKW�EH�RXWGDWHG«��

� 5HVWULFWLRQV�WR�FDQRQLFDO�IRUPV�DUH�SRVVLEOH�DQG�SUREDEO\�XVHIXO����>=DOHWHO����@��>+DJVKHQDV����@

:K\�DUH�H[DFW�FRQWUDFWLRQV�KDUG"��5HFDOO��'�VLWXDWLRQ�

&KHDS�FRQWUDFWLRQ�SDWWHUQ�� ([SHQVLYH�FRQWUDFWLRQ�SDWWHUQ�

,Q��'��JURZWK�RI���RI�RSHQ�LQGLFHV�LV�XQDYRLGDEOH�

��RI�RSHQ�LQGLFHV� ��RI�RSHQ�LQGLFHV�

FRVW� FRVW�

RSHQ�LQGLFHV� MXVW�NHHSV�JURZLQJ«

&RQWUDFWLRQ�FRVWV�ZRXOG�EHFRPH�PDQDJHDEOH�LI�D�
FDQRQLFDO�IRUP
�ZHUH�DYDLODEOH��

0RUHRYHU��LI�FDQRQLFDO�IRUP�LV�XVHG�� ZLWK�

WKHQ�FRQWUDFWLRQ�FRVWV�DUH�YHU\�VPDOO��

%XW�WKLV�KDV�QRW�EHHQ�H[SORUHG�V\VWHPDWLFDOO\�XQWLO�UHFHQWO\��

��� 3DJH�� ��

3(36�,��

5HVRQDWLQJ�YDOHQFH�ERQG��59%��VWDWHV�DUH�RI�FRQWLQXHG
LQWHUHVW�IRU�FRQVWUXFWLQJ�VSLQ�OLTXLGV��
>$QGHUVRQ����@��>5RNKVDU����@��KLJK�7F�FRQWH[W�

&DQRQLFDO�H[DPSOH��VSLQ�����RQ�VTXDUH�ODWWLFH


'LPHU
�RU�
YDOHQFH�ERQG
�

>VLJQ�FRQYHQWLRQV�IRU�ERQGV�DUH�QHHGHG�DQG�LPSRUWDQW@

59%�VWDWH�� �HTXDO�VXSHUSRVLWLRQ�RI�DOO�SRVVLEOH�GLPHU�FRYHULQJV�RI�ODWWLFH�

9%�IOXFWXDWLRQV�ORZHU�HQHUJ\�GXH�WR
+DPLOWRQLDQ�PDWUL[�HOHPHQWV�
FRQQHFWLQJ�GLIIHUHQW�FRQILJXUDWLRQV�

B

59%�VWDWH�KDV�D�3(36�UHSUHVHQWDWLRQ >9HUVWUDHWH����G@��>9HUVWUDHWH����@

'HILQLQJ�SURSHUWLHV�RI�59%�VWDWH��

HDFK�YHUWH[�KDV�SUHFLVHO\�RQH�GLPHU�DWWDFKHG�WR�LW�
VR�LW�FDQ�EH�LQYROYHG�LQ�RQH�RI�IRXU�SRVVLEOH�VWDWHV�

�

LQWURGXFH�IRXU�DX[LOLDU\�VLWHV�SHU�SK\VLFDO�VLWH���

HDFK�LQ�RQH�RI�WKH�VWDWHV�

GHILQH�
HQWDQJOHG�SDLUV
�XVLQJ�DGMDFHQW�DX[LOLDU\�VLWHV�IURP�QHDUHVW�QHLJKERUV�RI�JLYHQ�VLWH��

9% QR�9%

�' ������

HTXDO�ZHLJKW�VXSHUSRVLWLRQ�
RI�9%�RU�QR�9%�RQ�ERQG�

LPSRVH�FRQVWUDLQW��DOORZ�RQO\�RQH�DX[LOLDU\�VSLQ�����SHU�SK\VLFDO�VLWH��DQG�LGHQWLI\�LW�ZLWK�SK\VLFDO�VSLQ���

3URMHFWRU�RQ�VLWH�������

HPSW\ XS GRZQ

SK\VLFDO�VSLQ
9%�SRLQWV�OHIW���������XS������������������GRZQ����������������ULJKW

�QR�DUURZ�FRQYHQWLRQ�KHUH�

RQO\�QRQ]HUR�HOHPHQWV�RI��������WHQVRU��

���([DPSOH��59%�VWDWH

��� 3DJH�� ��
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RVB state: = (equal superposition of all possible dimer coverings of lattice)


VB fluctuations lower energy due to Hamiltonian matrix elements connecting different 

configurations.





RVB state has a PEPS representation 

[Verstraete2004, 2006]


Defining properties of RVB state:


-each vertex has precisely one dimer attached 

to it, so it can be involved in one of four possible states.


-Introduce four auxiliary sites per physical site,


each in one of the states


-define ‘entangled pairs’ using adjacent auxiliary sites from nearest neighbors of given 

site:


3(36�,��

5HVRQDWLQJ�YDOHQFH�ERQG��59%��VWDWHV�DUH�RI�FRQWLQXHG
LQWHUHVW�IRU�FRQVWUXFWLQJ�VSLQ�OLTXLGV��
>$QGHUVRQ����@��>5RNKVDU����@��KLJK�7F�FRQWH[W�

&DQRQLFDO�H[DPSOH��VSLQ�����RQ�VTXDUH�ODWWLFH


'LPHU
�RU�
YDOHQFH�ERQG
�

>VLJQ�FRQYHQWLRQV�IRU�ERQGV�DUH�QHHGHG�DQG�LPSRUWDQW@

59%�VWDWH�� �HTXDO�VXSHUSRVLWLRQ�RI�DOO�SRVVLEOH�GLPHU�FRYHULQJV�RI�ODWWLFH�

9%�IOXFWXDWLRQV�ORZHU�HQHUJ\�GXH�WR
+DPLOWRQLDQ�PDWUL[�HOHPHQWV�
FRQQHFWLQJ�GLIIHUHQW�FRQILJXUDWLRQV�

B

59%�VWDWH�KDV�D�3(36�UHSUHVHQWDWLRQ >9HUVWUDHWH����G@��>9HUVWUDHWH����@

'HILQLQJ�SURSHUWLHV�RI�59%�VWDWH��

HDFK�YHUWH[�KDV�SUHFLVHO\�RQH�GLPHU�DWWDFKHG�WR�LW�
VR�LW�FDQ�EH�LQYROYHG�LQ�RQH�RI�IRXU�SRVVLEOH�VWDWHV�

�

LQWURGXFH�IRXU�DX[LOLDU\�VLWHV�SHU�SK\VLFDO�VLWH���

HDFK�LQ�RQH�RI�WKH�VWDWHV�

GHILQH�
HQWDQJOHG�SDLUV
�XVLQJ�DGMDFHQW�DX[LOLDU\�VLWHV�IURP�QHDUHVW�QHLJKERUV�RI�JLYHQ�VLWH��

9% QR�9%

�' ������

HTXDO�ZHLJKW�VXSHUSRVLWLRQ�
RI�9%�RU�QR�9%�RQ�ERQG�

LPSRVH�FRQVWUDLQW��DOORZ�RQO\�RQH�DX[LOLDU\�VSLQ�����SHU�SK\VLFDO�VLWH��DQG�LGHQWLI\�LW�ZLWK�SK\VLFDO�VSLQ���

3URMHFWRU�RQ�VLWH�������

HPSW\ XS GRZQ

SK\VLFDO�VSLQ
9%�SRLQWV�OHIW���������XS������������������GRZQ����������������ULJKW

�QR�DUURZ�FRQYHQWLRQ�KHUH�

RQO\�QRQ]HUR�HOHPHQWV�RI��������WHQVRU��

���([DPSOH��59%�VWDWH

��� 3DJH�� ��

3(36�,��

5HVRQDWLQJ�YDOHQFH�ERQG��59%��VWDWHV�DUH�RI�FRQWLQXHG
LQWHUHVW�IRU�FRQVWUXFWLQJ�VSLQ�OLTXLGV��
>$QGHUVRQ����@��>5RNKVDU����@��KLJK�7F�FRQWH[W�

&DQRQLFDO�H[DPSOH��VSLQ�����RQ�VTXDUH�ODWWLFH


'LPHU
�RU�
YDOHQFH�ERQG
�

>VLJQ�FRQYHQWLRQV�IRU�ERQGV�DUH�QHHGHG�DQG�LPSRUWDQW@

59%�VWDWH�� �HTXDO�VXSHUSRVLWLRQ�RI�DOO�SRVVLEOH�GLPHU�FRYHULQJV�RI�ODWWLFH�

9%�IOXFWXDWLRQV�ORZHU�HQHUJ\�GXH�WR
+DPLOWRQLDQ�PDWUL[�HOHPHQWV�
FRQQHFWLQJ�GLIIHUHQW�FRQILJXUDWLRQV�

B

59%�VWDWH�KDV�D�3(36�UHSUHVHQWDWLRQ >9HUVWUDHWH����G@��>9HUVWUDHWH����@

'HILQLQJ�SURSHUWLHV�RI�59%�VWDWH��

HDFK�YHUWH[�KDV�SUHFLVHO\�RQH�GLPHU�DWWDFKHG�WR�LW�
VR�LW�FDQ�EH�LQYROYHG�LQ�RQH�RI�IRXU�SRVVLEOH�VWDWHV�

�

LQWURGXFH�IRXU�DX[LOLDU\�VLWHV�SHU�SK\VLFDO�VLWH���

HDFK�LQ�RQH�RI�WKH�VWDWHV�

GHILQH�
HQWDQJOHG�SDLUV
�XVLQJ�DGMDFHQW�DX[LOLDU\�VLWHV�IURP�QHDUHVW�QHLJKERUV�RI�JLYHQ�VLWH��

9% QR�9%

�' ������

HTXDO�ZHLJKW�VXSHUSRVLWLRQ�
RI�9%�RU�QR�9%�RQ�ERQG�

LPSRVH�FRQVWUDLQW��DOORZ�RQO\�RQH�DX[LOLDU\�VSLQ�����SHU�SK\VLFDO�VLWH��DQG�LGHQWLI\�LW�ZLWK�SK\VLFDO�VSLQ���

3URMHFWRU�RQ�VLWH�������

HPSW\ XS GRZQ

SK\VLFDO�VSLQ
9%�SRLQWV�OHIW���������XS������������������GRZQ����������������ULJKW

�QR�DUURZ�FRQYHQWLRQ�KHUH�

RQO\�QRQ]HUR�HOHPHQWV�RI��������WHQVRU��

���([DPSOH��59%�VWDWH

��� 3DJH�� ��

3(36�,��

5HVRQDWLQJ�YDOHQFH�ERQG��59%��VWDWHV�DUH�RI�FRQWLQXHG
LQWHUHVW�IRU�FRQVWUXFWLQJ�VSLQ�OLTXLGV��
>$QGHUVRQ����@��>5RNKVDU����@��KLJK�7F�FRQWH[W�

&DQRQLFDO�H[DPSOH��VSLQ�����RQ�VTXDUH�ODWWLFH


'LPHU
�RU�
YDOHQFH�ERQG
�

>VLJQ�FRQYHQWLRQV�IRU�ERQGV�DUH�QHHGHG�DQG�LPSRUWDQW@

59%�VWDWH�� �HTXDO�VXSHUSRVLWLRQ�RI�DOO�SRVVLEOH�GLPHU�FRYHULQJV�RI�ODWWLFH�

9%�IOXFWXDWLRQV�ORZHU�HQHUJ\�GXH�WR
+DPLOWRQLDQ�PDWUL[�HOHPHQWV�
FRQQHFWLQJ�GLIIHUHQW�FRQILJXUDWLRQV�

B

59%�VWDWH�KDV�D�3(36�UHSUHVHQWDWLRQ >9HUVWUDHWH����G@��>9HUVWUDHWH����@

'HILQLQJ�SURSHUWLHV�RI�59%�VWDWH��

HDFK�YHUWH[�KDV�SUHFLVHO\�RQH�GLPHU�DWWDFKHG�WR�LW�
VR�LW�FDQ�EH�LQYROYHG�LQ�RQH�RI�IRXU�SRVVLEOH�VWDWHV�

�

LQWURGXFH�IRXU�DX[LOLDU\�VLWHV�SHU�SK\VLFDO�VLWH���

HDFK�LQ�RQH�RI�WKH�VWDWHV�

GHILQH�
HQWDQJOHG�SDLUV
�XVLQJ�DGMDFHQW�DX[LOLDU\�VLWHV�IURP�QHDUHVW�QHLJKERUV�RI�JLYHQ�VLWH��

9% QR�9%

�' ������

HTXDO�ZHLJKW�VXSHUSRVLWLRQ�
RI�9%�RU�QR�9%�RQ�ERQG�

LPSRVH�FRQVWUDLQW��DOORZ�RQO\�RQH�DX[LOLDU\�VSLQ�����SHU�SK\VLFDO�VLWH��DQG�LGHQWLI\�LW�ZLWK�SK\VLFDO�VSLQ���

3URMHFWRU�RQ�VLWH�������

HPSW\ XS GRZQ

SK\VLFDO�VSLQ
9%�SRLQWV�OHIW���������XS������������������GRZQ����������������ULJKW

�QR�DUURZ�FRQYHQWLRQ�KHUH�

RQO\�QRQ]HUR�HOHPHQWV�RI��������WHQVRU��

���([DPSOH��59%�VWDWH

��� 3DJH�� ��
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-impose constraint: allow only one auxiliary spin-1/2 per physical site and identify it 

with physical spin:


Projector on site        :


only nonzero elements of        -tensor:


PEPS form for RVB state:





Advantages of PEPS description of RVB state


-Dimer basis is hard to work with since individual 

components are not orthogonal:


Therefore explicit computations are easier in PEPS framework!


3(36�IRUP�IRU�59%�VWDWH��

DOO�ERQGV�DWWDFKHG�WR�VLWH�

RQO\�QRQ]HUR�HOHPHQWV�RI��������WHQVRU��

$GYDQWDJHV�RI�3(36�GHVFULSWLRQ�RI�5%9�VWDWH

'LPHU�EDVLV�LV�KDUG�WR�ZRUN�ZLWK��VLQFH�LQGLYLGXDO�FRPSRQHQWV�DUH�QRW�RUWKRJRQDO���

7KHUHIRUH��H[SOLFLW�FRPSXWDWLRQV�DUH�HDVLHU�LQ�3(36�IUDPHZRUN�

3(36�GHVFULSWLRQ�FDQ�EH�H[WHQGHG�WR�ODUJHU�FODVV�RI�VWDWHV��H�J��LQFOXGLQJ�ORQJHU�UDQJHG�ERQGV�>:DQJ����@�


3DUHQW�+DPLOWRQLDQ
��IRU�ZKLFK�59%�VWDWH�LV�H[DFW�JURXQG�VWDWH��FDQ�EH�FRQVWUXFWHG�V\VWHPDWLFDOO\���

EXW�LW�LV�FRPSOLFDWHG�����VLWH�LQWHUDFWLRQ�>6FKXFK����@�����VLWH�LQWHUDFWLRQ�>=KRX����@

��� 3DJH�� ��
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-PEPS description can be extended to larger classes of states, e.g. including longer-

ranged bonds [Wang2013]


-‘Parent Hamiltonian’ (for which RVB state is exact ground state) can constructed 

systematically, but it is complicated: 19-site interaction [Schuch2012], 12-site 

interaction [Zhou2014].


PEPS II: Contraction Techniques


PEPS contractions, needed for computing expectation values, are #P hard when 

performed exactly -> impossible in practice. Various schemes for performing PEPS 

contractions approximately have been and continue to be proposed (this is a question 

at the cutting edge of current research). We describe two elementary schemes: the first 

uses purely MPS methodology, the second uses 2D transfer matrices.


2. PEPS via finite-size MPS


Goal: reduce PEPS computations to familiar MPS computations (‘reuse code’)


[Verstraete2004] (proof of principle application: spin 1/2 Heisenberg model on 4x4 

lattice)


[Murg2007] 2D hard-core bosons = 2D XY model in uniform field
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Strategy for PEPS ground state search: 

(i) imaginary time evolution


(ii) truncate back to       , via variational compression (one tensor at a time) of


Computation of                                 can be performed by repeated application of 

MPOs to MPS!


(i) Trotter time evolution [Murg2007, Sec IV]


3(36�,,��

3(36�FRQWUDFWLRQV��QHHGHG�IRU�FRPSXWLQJ�H[SHFWDWLRQ�YDOXHV��DUH��3�KDUG�ZKHQ�SHUIRUPHG�H[DFWO\�
9DULRXV�VFKHPHV�IRU�SHUIRUPLQJ�3(36�FRQWUDFWLRQV�DSSUR[LPDWHO\�KDYH�EHHQ�DQG�FRQWLQXH�WR�EH�SURSRVHG
�WKLV�LV�D�TXHVWLRQ�DW�WKH�FXWWLQJ�HGJH�RI�FXUUHQW�UHVHDUFK���:H�GHVFULEH�WZR�HOHPHQWDU\�VFKHPHV��WKH�ILUVW�
XVHV�SXUHO\�036�PHWKRGRORJ\��WKH�VHFRQG��'�WUDQVIHU�PDWULFHV��

3(36�YLD�ILQLWH�VL]H�036��

*RDO��UHGXFH�3(36�FRPSXWDWLRQV�WR�IDPLOLDU�036�FRPSXWDWLRQV��
UHXVH�FRGH
���

>9HUVWUDHWH����@���SURRI�RI�SULQFLSOH�DSSOLFDWLRQ��VSLQ�����+HLVHQEHUJ�PRGHO�RQ��[��ODWWLFH�

>0XUJ����@�0XUJ��9HUVWUDHWH��&LUDF����'�KDUG�FRUH�ERVRQV� ��'�;<�PRGHO�LQ�XQLIRUP�ILHOG�

6WUDWHJ\�IRU�3(36�JURXQG�VWDWH�VHDUFK�

�L��LPDJLQDUJ\�WLPH�HYROXWLRQ��

LQLWLDO�3(36
7URWWHU�WLPH�VWHS

�LL��WUXQFDWH�EDFN�WR���������YLD�YDULDWLRQDO�FRPSUHVVLRQ��RQH�WHQVRU�DW�D�WLPH��RI�

\LHOGV�QHZ�

&RPSXWDWLRQ�RI� FDQ�EH�SHUIRUPHG�E\�UHSHDWHG�DSSOLFDWLRQ�RI�032V�WR�036��

�L��7URWWHU�WLPH�HYROXWLRQ >0XUJ������6HF��,9@

��HYHQ�����������RGG������������KRUL]RQWDO�������������YHUWLFDO

$SSO\�RQH�VXFK�IDFWRU�WR�DOO�FRUUHVSRQGLQJ�ERQGV�

)ROORZLQJ�EDG�KDELW�RI�3(36�OLWHUDWXUH��ZH�PRVWO\�GURS�DUURZV�LQ�RXU�GLDJUDPV�EHORZ«

WLPH�HYROYHG�3(36FRPSUHVVHG�3(36
SK\VLFDO
ERQGV

3(36�,,��&RQWUDFWLRQ�7HFKQLTXHV

��� 3DJH�� ��

3(36�,,��

3(36�FRQWUDFWLRQV��QHHGHG�IRU�FRPSXWLQJ�H[SHFWDWLRQ�YDOXHV��DUH��3�KDUG�ZKHQ�SHUIRUPHG�H[DFWO\�
9DULRXV�VFKHPHV�IRU�SHUIRUPLQJ�3(36�FRQWUDFWLRQV�DSSUR[LPDWHO\�KDYH�EHHQ�DQG�FRQWLQXH�WR�EH�SURSRVHG
�WKLV�LV�D�TXHVWLRQ�DW�WKH�FXWWLQJ�HGJH�RI�FXUUHQW�UHVHDUFK���:H�GHVFULEH�WZR�HOHPHQWDU\�VFKHPHV��WKH�ILUVW�
XVHV�SXUHO\�036�PHWKRGRORJ\��WKH�VHFRQG��'�WUDQVIHU�PDWULFHV��

3(36�YLD�ILQLWH�VL]H�036��

*RDO��UHGXFH�3(36�FRPSXWDWLRQV�WR�IDPLOLDU�036�FRPSXWDWLRQV��
UHXVH�FRGH
���

>9HUVWUDHWH����@���SURRI�RI�SULQFLSOH�DSSOLFDWLRQ��VSLQ�����+HLVHQEHUJ�PRGHO�RQ��[��ODWWLFH�

>0XUJ����@�0XUJ��9HUVWUDHWH��&LUDF����'�KDUG�FRUH�ERVRQV� ��'�;<�PRGHO�LQ�XQLIRUP�ILHOG�

6WUDWHJ\�IRU�3(36�JURXQG�VWDWH�VHDUFK�

�L��LPDJLQDUJ\�WLPH�HYROXWLRQ��

LQLWLDO�3(36
7URWWHU�WLPH�VWHS

�LL��WUXQFDWH�EDFN�WR���������YLD�YDULDWLRQDO�FRPSUHVVLRQ��RQH�WHQVRU�DW�D�WLPH��RI�

\LHOGV�QHZ�

&RPSXWDWLRQ�RI� FDQ�EH�SHUIRUPHG�E\�UHSHDWHG�DSSOLFDWLRQ�RI�032V�WR�036��

�L��7URWWHU�WLPH�HYROXWLRQ >0XUJ������6HF��,9@

��HYHQ�����������RGG������������KRUL]RQWDO�������������YHUWLFDO

$SSO\�RQH�VXFK�IDFWRU�WR�DOO�FRUUHVSRQGLQJ�ERQGV�

)ROORZLQJ�EDG�KDELW�RI�3(36�OLWHUDWXUH��ZH�PRVWO\�GURS�DUURZV�LQ�RXU�GLDJUDPV�EHORZ«

WLPH�HYROYHG�3(36FRPSUHVVHG�3(36
SK\VLFDO
ERQGV

3(36�,,��&RQWUDFWLRQ�7HFKQLTXHV

��� 3DJH�� ��
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Apply one such factor to all corresponding bonds:


Following bad habit of PEPS literature, we mostly drop arrows in our diagrams below…


	 	 	 


3. time evolve


either         4. reshape


or          4’. truncate


���
UHVKDSH

���UHVKDSH

���
69'

���
WLPH�

���HYROYH

5HVKDSH���OHJ�3(36�WHQVRUV�LQWR���OHJ�036�IRUP���

�VXJJHVWHG�E\�$��:HLFKVHOEDXP��69'�WR�SURMHFW��� �GLP�VSDFH�RQWR������������PDNLQJ�VWHS����FKHDSHU��

7LPH�HYROYH��7KLV�FDXVHV�LQFUHDVH�LQ�GLPHQVLRQ�RI�FHQWUDO�ERQG�IURP����������WR�������������

5HVKDSH���OHJ�036�WHQVRUV�EDFN�LQWR���OHJ�3(36�IRUP��7KHVH�GHILQH�WKH�WLPH�HYROYHG�3(36�
,WV�FHQWUDO�ERQG�GLPHQVLRQ�PXVW�VWLOO�EH�GHFUHDVHG��XVLQJ�YDULDWLRQDO�FRPSUHVVLRQ�LQ�VWHS��LL��EHORZ�

��

�
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Summary of steps:


1. Reshape 5-leg tensors into 3-leg MPS form.


2. (suggested by A. Weichselbaum) SVD to project           dim space onto           

(making step 3 cheaper) - known as bond projection.


3. Time-evolve. This causes increase in dimension of central bond from 


4. Reshape 3-leg MPS tensors back into 5-leg PEPS form. These define the time-

evolved PEPS. Its central bond dimension must still be decreased, using variational 

compression in step (ii) below. [Comment: when reshaping a big            space is 

split into the direct product of 3 smaller            spaces. This involves much freedom 

which should be used to minimize entanglement. That is partially achieved as a 

byproduct of the variational compression of (ii), but more direct strategies involving 

‘disentanglers’ (to be discussed in a subsequent lecture), might lead to further 

improvements]


4.’  To get a good starting point for (ii), one may use SVD to truncate central bond from       


(Note: performing only this truncation, without subsequently performing (ii), would yield 

a suboptimal result, since this truncation includes no information about environment of 

open legs. By contrast, such information is included during variational compression (ii), 

hence the latter is essential.
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(ii) Variational compression [Meng2007, Sec II]


To compute the overlaps in         , we need objects like





where 		 	             	 is a 4-leg tensor with bond dimension


View first and last rows of double-layer PEPS as MPS, and rows in-between as MPOs.


Each application of an MPO increases bond dimension:


Iteratively apply MPOs. In last step, apply                                          to obtain 


which looks like a contracted MPS.


For                            one can proceed similarly but with one           missing from lower 

(bra) layer, and correspondingly some open legs.
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In this manner, compute            and               , then solve 


Sweep until convergence, the converged result yields                . Then return to (i), with 

next Trotter gate.


Results for ground state energy [Murg2007]


Accuracy and numerical efficiency
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Main bottleneck: # of multiplications               , memory


-> 11x11 lattice with D=5 took 55 hours for 1 time step, required 2 GB of memory


[computations were performed on a workstation with 3.0GHZ Intel Xeon processor]


‘Going beyond D=5 is difficult at the moment’ (2007)


By now,                 is possible when exploiting non-Abelian symmetries.


2. Infinite-size PEPS (iPEPS)


[Jordan2008] 2D quantum Ising model


Goal: exploit translational invariance by


borrowing tools from iTEBD.


Strategy: represent entire lattice in terms of just two tensors, 
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Steps:


(i) Choose specific bond between two tensors,                   forming unit cell. Compute 

environment,                      built from             too, using transfer matrix tools and 

iTEBD.


(ii) Perform imaginary time evolution on specified bond between active sites,


(iii) Use variational compression, involving                   to compress


Then move on to next bond and iterate…


Overall structure


Exploit translational invariance:


Use two-site active unit cell,


for bipartite covering of lattice.


Then iPEPS depends on 


coefficients


Single-layer iPEPS:


Double-layer iPEPS:


(i) Contract out environment for specified bond


Approximate the double-layer iPEPS,             , 


by an infinite strip,
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(either horizontally, vertically, or diagonally)


surrounding the active sites.


Approximate strip           by ‘environment’,


encoded in six E-tensors.


Computation of strip         using transfer matrix methods


Define transfer matrix, R, built from two infinite rows of 

a, b:


Compute its dominant right eigenvector,


then


represents entire ‘upper half plane’ (above active sites).


In practice:


is computed using iTEBD methods, with           instead of            as evolution operator.


Similarly, compute dominant left eigenvector,


then	 	 	

represents lower 
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half-plane.


Next, define transfer matrix S from the six tensors a, b, C, D, C’, D’:


Compute its dominant left eigenvector,


then 	 	 	 	            represents left part of strip.


Similarly, compute its dominant right eigenvector,


then 	 	 	 	 represents right part of strip.


Construction of E-tensors representing environment (e.g. for r-bond)





Note: ‘open up’ those double-legs from double-layer tensors


a, b (and C, D, C’, D’ ,X, X’) which are connected with single-layer tensors A, B, A’, B’.
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Thus, environment (computed from               ) 


is represented by


(ii) Imaginary time evolution of active basis sites


Time-evolve, e.g. for r-bond


(iii) Compress                            via variational compression


Find new tensors                   (with bond dimension          ), which maximize overlap with 

time-evolved state.


variationally maximize overlap
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The updated A’, B’ define the new iPEPS. Move to next bond, iterate steps (i) to (iii) 

until convergence.


How to deal with the environment at each time step?


-‘Full update’: recompute environment after each time step (most accurate, most 

expensive)


-‘Fast full update’: use same environment for several time steps (less accurate, faster)


-‘Simple update’: don’t compute full environment, but approximate it using bond 

tensors (least accurate, but often still reasonable, by far the fastest)


Results for transverse field Ising model [Jordan2008]
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